auction. The remainder of the paper offers a treatment parallel to that in [3] .
In §2 we introduce Morrey's lemma on Dirichlet growth which asserts that a family of functions whose Dirichlet integral (J~\Vu\2dx) is at most Ar2* (0 < X < 1) over disks of radius r and all sufficiently small r, satisfies a uniform Holder condition on compact sets. (See Lemma 2.1 for a precise statement.) This is easily applied to prove a similar theorem if f\Vmu\2dx^Ar2x (Lemma 2.2), and it is then possible to conclude that Vm_1u is uniformly Holder continuous on compact sets.
With the aid of (*) we extend to the case of arbitrary m a condition sufficient to insure "Dirichlet growth" (Lemma 2.3; compare [ 1, Theorem 6.1]). This leads easily to our first regularity result concerning variational problems for double integrals whose integrands depend on derivatives of order m (see (2.8) and Theorem 2.1). The remainder of §2 deals with uniformly elliptic systems of equations in integrated form (see Definition 2.1 for conditions). Uniform growth properties are established in preparation for their application to the variational problem, hence no regularity is assumed for the coefficients since none can be expected for the coefficients arising from the variational problem.
Finally, in §3 a difference quotient procedure is applied to the integrated form of the Euler-Lagrange equations. The difference quotients are shown to satisfy a system of elliptic equations with uniform bounds. Solutions to the variational problem are then shown to have Holder continuous mth derivatives on interior domains (Theorem 3.2). While this still is a step shy of the classical Euler-Lagrange equations, further results may be obtained by applying the continuity method to the integrated equations whose coefficients are now Holder continuous (for m = 1 see, e.g., [2] ). \utto=[<u,u)Mm, H^(G) is known to be a Hilbert Space (see, e.g., [4] ). HUG) = "closure of C°(G)" in the norm (0.1), where CC°°(G) = functions of G which vanish outside some compact set A C G. We will say that an element u of HZiG) has a certain point property if some representative u of u has it. Summation convention is employed without mention. Dm(u,G) = fG\ Vmu\2dx; |Vma|2= weighted sum of squares of components of u.
Theorem 0.1. Let G<ZEy be bounded and suppose
(for notation see paragraph below Lemma 2.3) and is convex in p for each (x,z). Let F be a family of functions u of class H^iG) which is (i) closed with respect to weak convergence in HZiG), (ii) contains a function ux for which I(uu G) < co, (in) is such that for each u£F we may find a u* in a family F* with |u*|£G = B on F*. so that u* -u£HUG)-Then I(u,G) takes on its minimum in F.
Proof. For m = 1 see [ 1 ] . The proof for any m is a simple reworking of the case m = 1 see, e.g., [5] .
The following are standard results. Complete proofs may be found in
[4] or [6].
Theorem 0.2. C{Br) is dense in H^(Br).
Lemma 0.1. Suppose u{x)£H\{G), v(x) G C°(G) and S7u(x) = v(x) a.e. Then there is a function u(x) = u(x) a.e. such that ü(x) G Cl(G) and Vu(x) = v(x).
We use the following form of Sobolev's lemma.
Lemma 0.2. // uEC\Z-oH?{Br) then u£C"(Br). Proof. Evidently, dsN/d6 = sN(ue,p,e) and dsN/dp = sN(up,p,6) hence, by induction, we infer that (1.8) D;esN(u,P,e) = snOF^pJ).
From Lemma 1.2 and (1.8) we conclude that
where a and ß are summed over |a| ^ m and \ß\ i£ m. (1.7) follows by first applying the Schwarz inequality to the right side of (1.9) followed by the Riesz-Fischer theorem in L2[(0,27r)] applied to the functions D^u, and IJ%u. From a Fourier expansion for / and g in L2 we see that
Apply this result to the right side of (1.9), taking /= D"tu and g = D%u.
Then, usir? (1.8) to commute operations, a backwards application of Lemma 1.2 proves (1.6). Proof. If D^=d/d0 or d/dp we may compute directly. The general case follows by induction. Applying (1.14) and (1.15) to the left and right sides of (1.20) respectively we find (1.19)i. Assuming (1.19)m_i, we again take Vr = Ur, Wr = U" v= u, w = ü in (1.17) to find after an application of (1.14) and ( If we let / = uA -ü~,2 andg = u,2 + it is easy to check that /, g g -fi?" H-Bä) and (Fr-/), (Gr -g) E Hl~'(Br). Thus we may apply (1.19)m_, to the pairs F" f and Gr, g which, combined with (1.21), yields (a.e. in r) ( \VmUr\2dx zh(m-i)r\ (IV"-7|24-|V-'gfids + r f \Vmu\2ds. Finally, another application of (1.15) to the right side of (1.22) yields and hence from (2.5) we find a.e. for 0 < r g R (2.7) r *(r) ^M~V(r) + ^(r).
The desired result follows after multiplication of (2.7)p by the integrating factor p"""1 and integrating from r to Ä.
In what follows, we consider functions f(x, z, p) where x = (x1, x2), Proof. Since H20(Br) C H20(G) we conclude that u0 is minimal for I(u, Br) among all ur: ur -u0E H^{Br). Thus I(u0,Br) g I(u" Br), and if we apply (2.8)2 to this inequality, (2.9) follows.
Theorem 2.1. Under the hypotheses of Lemma 2.4 u0ECpn~i(G). (u0 ECm~l(G), Vm-lu0 Holder continuous for every D: DC G).
Proof. The "Dirichlet growth" necessary to apply Lemma 2.2 follows by successively applying (2.9) and Lemma 2.3 with 1; = u0. Thus we easily obtain a local Holder estimate. The global condition follows from some simple metric space lemmas. where C3 = infC3 for ß: 0 < a < X. Since C3 remains bounded as R->0
we may find R0 so small that \B\ +\C\ g (sJ2)Dm(u, BR). The lemma follows from (2.10).
Lemma 2. Proof. By iteration of Lemma 2.7 and application of (2.19).
Lemma 2.12. Suppose that 0ECc"(G), GCE, and u £ H2(G) then <bu £ HUG) and has compact support in G. Moreover, the formula of Lemma 2.7 continues to hold. 
|0|-m |3|<m
From the Schwarz inequality and Lemma 2.5a, we see that f IF\ dx =£ S\r2' + \\u\\lRS2rx + C4\\u\\^r2*"*.
J Br
Choosing, e.g, u = X/2 it follows that Using conditions (3.1), (3.2), (3.3) and the continuity of |z(x)| we may verify (3.5) Si(Q) kl2 ^ 0&(*)«4*j g SMW2 and for \h\ = h0, Gr = B(xu r) n B(x0, R3) (3.6) f(IM2 + M +|/*| +\e"\2)dx^Slr2\
The bounds are independent of ft but depend on u. In making the estimate (3.6) we must use the fact that the integral growth condition does not depend on the center of the circle. If we let R4 = min(R3,R0), where R0 is the radius of Lemma 2.6, we find that un satisfies the requirements of Theorem 2.2 on BRi. From Lemma 0.3 we find that uh->uzy in H2~\Br^. All the more, the HZ'^BrJ norms are bounded for some ft^ 0 <|A| ^ ftî ft0. From Theorem 2.2 we infer that the H2[ B(x0, Ä5)] norms of uh are uniformly bounded for any Rb < R4. Hence for a subsequence of ft tending to zero, the weak relative compactness implies that un -u*, u* £ H2(Br5) (Lemma 0.4). Since weak H2 convergence implies strong H?-1 convergence (Lemma 0.5) we conclude that uxy = u* £ H2(BRs), i.e., uEHrl(BR&).
Finally, the uniform boundedness of the H2 norms on BR& together with Lemma 2.13 yields a uniform Holder condition for Vm 'u^ for |ft| ^ fti on B^, R6 < R5. From equicontinuity, a subsequence converges uniformly, hence, Vm_1u^ satisfies the same Holder condition on B(x0,R6).
